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ABSTRACT
Researchers have worked on positive leader propagation models and proposed different 
theoretical and numerical approaches. The charge simulation method (CSM) has traditionally 
been chosen to model the quasi-static electric field of each stage of leader propagation. The 
biggest drawback of the CSM is that the calculation is complicated and time-consuming 
when dealing with asymmetric electric field structures. On the contrary, the finite element 
method (FEM) is more suitable and reliable for solving electrostatic field problems with 
asymmetric and complex boundary conditions, avoiding the difficulties of virtual charge 
configuration and electric field calculation under complex boundary conditions. This paper 
modeled a self-consistent streamer-leader propagation model in an inverted rod-plane 
air gap based on FEM and the voltage distortion method (VDM). The voltage distortion 
coefficient was analyzed to calculate the streamer length and space charge. The physical 
dynamic process of the discharge was simulated with the help of COMSOL Multiphysics 
and MATLAB co-simulation technology. The results show that the initial voltage of 
the first corona is -1036 kV, close to the experiment value of -1052 kV. The breakdown 
voltage of -1369 kV is highly consistent with the experimental value of -1365 kV. The 
largest streamer length is 2.72 m, slightly higher than the experimental value of 2.3 m. 

The leader velocity is 2.43×104 m/s, close 
to the experiment value of 2.2×104 m/s. 
This model has simple calculations and can 
be used in complex electrode configurations 
and arbitrary boundary conditions without 
simplifying the model structure, making the 
model more flexible.
Keywords: COMSOL, FEM, leader progression model, 
space charge, streamer, voltage distortion method 
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INTRODUCTION

Long-gap discharge experiments under various electrode structures carried out by Les 
Renardières Group (1972, 1974) have made people systematically recognize the phenomenon 
and characteristics of the leader discharge. Based on the understanding of the physics of 
leader inception and development, the leader propagation method (LPM) was introduced to 
simulate the process of leader discharge in the 1970s. In engineering applications, such as 
lightning protection design, LPM is recommended as a more physically reasonable method 
to evaluate the lightning protection performance of grounded structures under the influence 
of lightning downward leader (Cigre, 2021). Theoretical approaches and numerical models 
of positive leader discharge based on LPM have been developed in the past few decades.

Rizk (1989) developed a mathematical model for stable leader inception and breakdown 
of rod-plane gaps under positive switching impulse voltage based on the basic theory of the 
electrostatic field. This model was successfully extended to conductor-plane gaps and could 
predict the 50% breakdown voltage for a wide range of air spacing. However, this model 
cannot simulate the dynamic process of leader development.

Bondiou and Gallimberti (1994) proposed a self-consistent leader inception and 
propagation model (SLIM) based on the mass, momentum, and energy conservation 
equations. In this model, the output of each discharge stage is used as the next stage’s input, 
and the input parameters are only the electrode geometry and the applied voltage waveform. 
However, the model involves many physical parameters, making the calculation process 
complex.

Based on the Bondiou & Gallimberti model, Goelian et al. (1997) introduced a numerical 
model to calculate the space charge and the streamer length using the voltage distortion 
method (VDM). However, the function used to calculate the streamer space charge is related 
to the electrode structure and to the streamers’ length, number, and radius. So, the calculation 
process is much more complicated. At the same time, the model only considers the case 
where the electrode voltage is constant, while the electrode voltage is a constantly changing 
voltage in most actual situations. 

Becerra and Cooray (2006a) proposed a simplified self-consistent upward leader model-
based VDM. In this model, the calculation of streamer space charge is simplified by using the 
electrode geometry coefficient KQ multiplied by the area difference between the background 
voltage U1 and the streamer voltage U2. However, the model chooses the geometric coefficient 
KQ as a constant value and does not further analyze the factors affecting KQ. In addition, to 
simplify the calculation, the model replaces the distribution of the background voltage U1 with 
a straight-line segment, exaggerating the areas enclosed by U1 and U2 so that the calculated 
space charge of the streamer may be larger than the actual value. Simplified VDM proposed 
by Becerra and Cooray (2006a) is widely used in leader discharge simulation, such as the 
research done by Mohammadi et al. (2019) and Gu et al. (2020).
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The models mentioned above use the charge-simulated method (CSM) to calculate 
the electric field distribution generated by the applied voltage and streamer space charge. 
The disadvantage of the CSM is that the calculation process will become so sophisticated 
when encountering asymmetric and complex electric field structures that the computation 
time and computational memory requirements become large. Because of this, it is 
often necessary to simplify the complex electric field structure into a simple structure, 
leading to a large error between the calculated and actual results. For the problem of the 
electrostatic field, the finite element method (FEM) is a more effective and reliable method 
for the electrostatic boundary value problems. Especially when dealing with asymmetric 
electrode structures and complex boundary conditions in practical engineering, FEM 
can take advantage of its faster calculation speed and higher calculation accuracy. The 
research done by Talaat et al. (2019), Becerra (2013), Zhou et al. (2018), and Diaz et 
al. (2018) has proved that.

Today’s advancement of FEM commercial software, such as COMSOL, has multiphysics 
coupling functions and powerful computing capabilities and has been widely used in 
engineering applications and scientific research. For example, Gao et al. (2020), Hnatiuc 
et al. (2019), Brezmes and Breitkopf (2014), and Arevalo et al. (2012) used COMSOL 
Multiphysics to simulate the discharge process in air. Rodrigues et al. (2019), Yang et al. 
(2017), Chen et al. (2016), and Xu and Chen (2013) used COMSOL Multiphysics to research 
the characteristics of lightning strike protection in engineering.

The main goal of this paper is to develop a positive self-consistent leader Inception 
and propagation model of an inverted rod plane under the switching impulse voltage based 
on the latest physical knowledge obtained in DC discharge experiments. The calculation 
adopts the FEM and the VDM to calculate the streamer length and steamer space charge 
at every step of the discharge process. Based on the previous calculation, the velocity 
and the length of the leader, the length of the final jump, and the breakdown voltage can 
be calculated. The model can complete the self-iterative calculation through COMSOL 
and MATLAB co-simulation technology. The validity of this model can be verified by 
comparing it with experimental results in the literature. Ultimately, this numeric model will 
be extended to simulate the development process of the positive upward leader generated 
from EHV TLs under the impact of the lightning downward leader so that the lightning 
shielding performance of EHV TLs can be evaluated.

INPUT PARAMETERS AND METHODOLOGY

Design Parameters for Simulation Model

In order to verify the validity of the simulation, the size of the simulation model is the 
same as the actual experimental model (He et al., 2012). The electrode system of the model 
is an inverted rod-plane structure (Figure 1). The plane electrode is suspended in the air 
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at 5 m above the ground and is connected to 
the generator of switching impulse voltage. 
The rod electrode covered with a spherical 
head is placed on the grounded and directly 
grounded. A negative standard switching 
impulse voltage with an amplitude of 1500 
kV is applied to the plane electrode. The 
geometric parameters and applied voltage 
of the experimental setup are shown in 
Table 1. Figure 1. The inverted rod-plane electrode structure 

of the experiment

Applied voltage Vapp

z (m)

r (m)

H

h
ra

D

Table 1
Geometric parameters and applied voltage of the simulation model

Parameter item Parameter value Unit
The height of the rod h 2 m
The radius of the rod ra 15 cm
The length of the air gap H 3 m
The side length of plane D 6 m
The amplitude of the applied voltage Vapp 1500 kV
The wavefront/tail time of Vapp Tf/Tt 250/2500 μs

Simulation Modeling

A 2D symmetrical model is built in COMSOL Multiphysics (Figure 2). The boundary 
conditions are constrained: 1 is a high voltage boundary, 2 and 3 are zero potential, and 4 
is an infinite element domain. The infinite element domain replaces the infinitely extending 
space around the electrode system. The electric field does not change abruptly on the inner 
boundary of the infinite element domain, while on the outer boundary of the infinite domain, 
the electric potential is zero. The model is symmetric, so only half of the computational 
domain is shown in Figure 2.

Figure 2. 2D axisymmetric simulation model
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Meshing is the key to FEM calculation. 
The index for judging the quality of meshing 
is the element quality. COMSOL provides 
seven element quality measurement 
tools: skewness, maximum angle, volume 
versus circumradius, volume versus 
length, condition number, growth rate, and 
bending skewness. Skewness is suitable 
for most mesh types and is adopted as the 
measurement tool of mesh quality for this 
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model. Skewness refers to the degree of closeness between the mesh element and the equal-
angle ideal element. The calculation method is shown in Equation 1, where θe is the vertex 
angle of the ideal element, and θ is the vertex angle of the divided mesh element, as shown 
in Figure 3. Green represents the high-quality meshes, and red represents the low-quality 
meshes. The mesh element quality measure is between 0 and 1, with 1 being extremely 
high quality and 0 being extremely poor quality. The criteria for the mesh element quality 
are shown in Table 2.

𝑆𝑆𝑘𝑘𝑘𝑘𝑘𝑘𝑘𝑘𝑘𝑘𝑘𝑘𝑘𝑘 = 1 − max�
𝜃𝜃 − 𝜃𝜃𝑒𝑒

180− 𝜃𝜃𝑒𝑒
  ,
𝜃𝜃𝑒𝑒 − 𝜃𝜃
𝜃𝜃𝑒𝑒

�                                                                           	 		  [1]

Figure 3. Schematic diagram of 
mesh skewness measurement

Table 2
The criteria for the mesh element quality

Skewness Mesh element quality
< 0.02 Extremely poor

0.02 ≤ Skewness < 0.2 Poor
0.2 ≤ Skewness < 0.35 Basic
0.35 ≤ Skewness < 0.75 Medium

0.75 ≤ Skewness < 1 High
1 Extremely high

Figure 4. Mesh element quality in rod head region in a 2D axisymmetric 
model

The rod head

Local amplification

Adaptive meshing is used in this model. 
Except for the infinite element domain, 
which uses a regular quadrilateral mesh, the 
rest of the domains are all triangular meshes. 
The mesh quality of the rod electrode head, 
which is of most concern, is shown in Figure 
4. The curvature of the rod electrode head 
is large, so the quality of the mesh element 
is relatively poor, as shown in the yellow 
part in Figure 4.

After applying a locally refined mesh to the rod electrode head region, the number of 
low-quality elements is reduced (Figure 5). From the mesh statistics, after local refinement, 
the minimum and average element quality are improved (Table 3). The average element 
quality of this model is above 0.9, indicating that the mesh quality is high.
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The Streamer-Leader Propagation Model 

Many experimental studies have shown that the positive leader discharge process consists 
of five stages: initial streamer formation, streamer-leader transition, streamer-leader system 
development, final jump, and gap breakdown. If the radius of the positive electrode is larger 
than the critical radius, a stable streamer-leader discharge system can be generated after the 
initial corona (Les Renardières Group, 1972, 1974). This model does not cover the case 
where the radius of the positive electrode is smaller than the critical radius.

The theory of positive streamer discharge holds that the applied external electric 
field supplies the energy to generate the primary electron avalanche on the surface of 
the positive electrode (Nijdam et al., 2020). When the number of positive charges of the 
primary avalanche is greater than the critical value of 108 (Naidu & Kamaraju, 2013), the 
electric field generated by these charges is equivalent to the external applied electric field 
will induce secondary electron avalanches near the anode electrode. The secondary electron 
avalanches are attracted to the tail of the main avalanche, and the electrons are absorbed, 
leaving the newly generated positive charges in the tail of the main avalanche. This process 
continues to repeat, thus forming a streamer that develops from the anode to the cathode. 
It is generally considered that the critical field strength of the positive streamer inception 
is 2600 kV/m (Cooray, 2014; Gallimberti et al., 2002).

Table 3 
Meshing statistics of the 2D axisymmetric model

Mesh parameters Before refinement After refinement
Number of elements 6030 7117

Number of triangle elements 5365 6452
Number of quadrilateral elements 665 665

Minimal element quality 0.5503 0.5836
Average element quality 0.9102 0.9152

Figure 5. Comparison of mesh element quality before and after mesh refinement in the region of the rod 
head: (a) Before mesh refinement; and (b) After mesh refinement
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After the initial streamer is formed, multiple branched streamers in a dendritic shape 
are formed during its development. The free electrons generated by the branched streamers 
flow into the anode through the common streamer stem. As the streamers’ current increases, 
the streamers’ stem is heated. When the temperature exceeds 1500 K, thermal ionization 
greatly increases the electrical conductivity at the streamer stem, which turns the streamer 
stem into a high-temperature and high-conductivity leader channel ( El-Zein et al., 2018; 
Gallimberti et al., 2002). 

xS
1 xS

i xS
i+1

xL
1 xL

i

Rod Plane

Streamer zone

Leader channel
Coronal sheath

x

x

Figure 6. Schematic diagram of the streamer-
leader system development

The field strength in the leader channel 
is relatively low, generally considered 30–50 
kV/m (Becerra & Cooray, 2006a; Rizk, 
2009). When the leader channel extends 
forward, most of the voltage of the anode is 
transmitted to the leader’s head through the 
leader channel, which is equivalent to the 
forward extension of the anode. When the 
field strength of the leader’s head reaches 
the critical intensity of air discharge, a 
new streamer is generated. This process is 
repeated to form a streamer-leader discharge 
development system (Figure 6). As the leader 
travels from the previous streamer zone, the 
streamer space charges form a corona sheath 
around the leader channel. Whether the leader 
can continue to develop depends on whether 
the streamer discharge at the leader’s head 
can continuously provide energy to maintain 
the thermal ionization of the leader channel.

When the streamer at the head of the 
leader reaches the cathode, the final jump 
occurs. As a result, the leader channel quickly 
bridges the remaining gap, and a strong 
short-circuit current flows through the leader 
channel to break down the entire gap.

The Calculation of the Initial Streamer Length and Streamer Space Charge 

The potential distribution generated by the applied voltage in the rod-plate gap is an 
exponential distribution curve, referred to as the potential background V1 for short. During 
the streamer development, the streamer space charge will cause electric field distortion 
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in the gap between the electrodes. It is 
generally considered that the electric field 
inside the streamer zone is constant, and the 
value is about 450 kV/m–500 kV/m (Ding 
et al., 2016; Rizk, 2020; Petrov & Waters, 
2021). Therefore, the voltage distribution in 
the streamer region is a linear curve, referred 
to as the streamer potential V2 for short. 
The difference between these two voltage 
curves can calculate the degree of voltage 
distortion. In this way, the voltage distortion 
method (VDM) can be used to calculate the 
streamer length and space charge (Figure 7).

The horizontal axis x in Figure 7 is the 
gap length, and the vertical axis V is the 
potential in the gap. The abscissa length 

Figure 7. Calculation of streamer length and streamer 
space charge by VDM
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xs corresponding to the intersection of V1 and V2 is the length of the initial streamer. The 
streamer space charge can be calculated by multiplying the area A enclosed by the two 
curves by the voltage distortion coefficient KQ (Equation 2).

𝑄𝑄 = 𝐾𝐾𝑄𝑄𝐴𝐴 = 𝐾𝐾𝑄𝑄 � (𝑉𝑉2 − 𝑉𝑉1)𝑑𝑑𝑑𝑑
𝑥𝑥𝑠𝑠

0
                                                                                                 				    [2]

The Calculation of the Subsequent Streamer-Leader System

For this simulation model, the rod electrode radius is 15 cm, greater than the critical radius 
of 12.5 cm (He et al., 2012). Therefore, a stable development leader can be formed once 
the initial streamer is generated, which is also confirmed by the experiments (He et al., 
2012). The discharge develops in a stepwise fashion. As mentioned earlier, continuous 
leader development depends on the charge provided by the streamer discharge at the head 
of the leader. The step length of the leader can be calculated by Equation 3 (Becerra & 
Cooray, 2006b), where Qi is the space charge generated at ith step discharge in μC, τ is the 
charge density of the leader channel in μC/m.

𝑙𝑙𝐿𝐿
𝑖𝑖 =

𝑄𝑄𝑖𝑖
𝜏𝜏

       							       [3]

Regarding the charge density of the positive leader channel, Gallimberti et al. (2002) 
considered it to be 20–50 μC/m. Petrov and Waters (2021) considered it to be 20 μC/m. 
Rizk (1989) and Becerra and Cooray (2006b) considered it 45–50 μC/m. Experiments by 
Wang et al. (2016) also indicated that the positive leader channel’s charge density is 40–50 
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μC/m. Li et al. (2013) experiments confirmed the charge densities in the 30–50 μC/m. 
The experiments of Zeng et al. (2013) showed that the charge density is 30–70 μC/m. 
By artificially triggered lightning experiments, Lalande et al. (2002) observed a positive 
leader charge density of 65 μC/m. In this paper, the charge density of the positive leader 
channel is 25 μC/m.

The diameter of the leader channel is generally considered to be several millimeters, 
and this model takes 2 mm. The leader channel’s voltage drop is calculated using Equation 
4, where EL is the average field strength of the leader channel in kV/m, and lL

i is the step 
length of the leader development to the ith step. The leader channel EL’s average field 
strength is 50 kV/m.

𝑉𝑉𝐿𝐿𝑖𝑖 = 𝐸𝐸𝐿𝐿𝑙𝑙L
𝑖𝑖     							      [4]

Figure 8. The streamer-leader system propagation 
and the potential gap distribution at step i
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The velocity of the positive streamer development is on the order of 105 m/s. The 
experiments of Ding et al. (2016) and He et al. (2012) show that the average development 
speed of the positive streamer is 1×105 m/s. 
Cooray (2014) considered it to be 2×105 m/s. 
However, Nijdam et al. (2020) considered the 
velocity of the streamer to be on the order 
of 105–106 m/s. In this paper, the positive 
streamer’s average velocity is assumed to 
be 1×105 m/s. 

The potential distribution in the gap 
during the streamer-leader propagation is 
shown in Figure 8. VL

i-1 is the voltage drop 
of the leader channel at step i-1. V2

i-1 is the 
streamer voltage at step i-1. Once a new 
streamer is generated at the head of the leader 
channel, the streamer voltage decreases to 
V2

i due to the voltage clamping of the leader 
channel. The shaded area in Figure 8 is the 
area of voltage distortion caused by the 
newly generated streamer space charge. The 
newly generated streamer space charge can 
be calculated by multiplying this part of the 
area by the voltage distortion coefficient KQ. 
The abscissa intersection xS

i of the two curves 
V1

i and V2
i is the position of the new streamer 

head, and the length of the new streamer can 

PlaneRod
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be obtained by subtracting the length of the leader channel VL
i-1 from xS

i. Vapp
i-1 and Vapp

i are 
the applied voltage on the plane at step i-1 and step I, respectively.

The streamer space charge at step i can be calculated by using Equation 5. xL
i-1 represents 

the leader channel length at step i-1. xS
i-1 and xS

i represent the position of the streamer head 
at steps i-1 and i, respectively.

𝑄𝑄𝑖𝑖 = 𝐾𝐾𝑄𝑄 � �𝑉𝑉2
𝑖𝑖 − 𝑉𝑉2

𝑖𝑖−1�
𝑥𝑥𝑆𝑆𝑖𝑖−1

𝑥𝑥𝐿𝐿𝑖𝑖−1
d𝑥𝑥 + 𝐾𝐾𝑄𝑄 � �𝑉𝑉2

𝑖𝑖 − 𝑉𝑉1
𝑖𝑖�

𝑥𝑥𝑆𝑆 𝑖𝑖

𝑥𝑥𝑆𝑆 𝑖𝑖−1
d𝑥𝑥                                                  	 [5]

This model only needs to input the electrode parameters and apply voltage waveform 
to simulate the dynamic process of streamer-leader propagation. Using the co-simulation 
technology of COMSOL Multiphysics and MATLAB, the streamer-leader size and applied 
voltage amplitude of each step of the discharge process can be calculated in MATLAB 
according to the voltage distribution of V1 and V2 output by the COMSOL model. The 
output of the previous step of the simulation is used as the input of the next step, and the 
model can realize self-iterative calculation. The simulation flowchart is shown in Figure 9.

RESULTS 

The Critical Inception Voltage of the Streamer

Before the initial streamer is generated, there is no free-charge distribution in the plane-rod 
gap. The voltage distribution in the air gap is a Laplace function (Equation 6), where V is 
a scalar potential distribution function.

−∇2𝑉𝑉(𝑥𝑥,𝑦𝑦, 𝑧𝑧) = 0                                                                                                                           
𝑉𝑉(𝑥𝑥,𝑦𝑦, 𝑧𝑧) = 𝑉𝑉0                                                                                                                                [7] 

𝑉𝑉(𝑥𝑥,𝑦𝑦, 𝑧𝑧) = 0                                                                                                                                  [8] 

𝐸𝐸�⃑ (𝑥𝑥,𝑦𝑦, 𝑧𝑧) = −𝛻𝛻𝛻𝛻(𝑥𝑥,𝑦𝑦, 𝑧𝑧)                                                                                                               [9] 

						      [6]

At the boundary, the potential is constant. For the high-voltage electrode, the potential is 
the applied voltage (Equation 7), and for the ground electrode, the potential is 0 (Equation 8).
−∇2𝑉𝑉(𝑥𝑥,𝑦𝑦, 𝑧𝑧) = 0                                                                                                                           

𝑉𝑉(𝑥𝑥,𝑦𝑦, 𝑧𝑧) = 𝑉𝑉0                                                                                                                                [7] 

𝑉𝑉(𝑥𝑥,𝑦𝑦, 𝑧𝑧) = 0                                                                                                                                  [8] 

𝐸𝐸�⃑ (𝑥𝑥,𝑦𝑦, 𝑧𝑧) = −𝛻𝛻𝛻𝛻(𝑥𝑥,𝑦𝑦, 𝑧𝑧)                                                                                                               [9] 

						      [7]
−∇2𝑉𝑉(𝑥𝑥,𝑦𝑦, 𝑧𝑧) = 0                                                                                                                           

𝑉𝑉(𝑥𝑥,𝑦𝑦, 𝑧𝑧) = 𝑉𝑉0                                                                                                                                [7] 

𝑉𝑉(𝑥𝑥,𝑦𝑦, 𝑧𝑧) = 0                                                                                                                                  [8] 

𝐸𝐸�⃑ (𝑥𝑥,𝑦𝑦, 𝑧𝑧) = −𝛻𝛻𝛻𝛻(𝑥𝑥,𝑦𝑦, 𝑧𝑧)                                                                                                               [9] 

						      [8]

Given the boundary potential, the problem of finding the spatial electric field 
distribution is the Dirichlet boundary problem. Due to the uniqueness of the electric field 
distribution, the unique function of the spatial potential distribution can be obtained by 
solving the Laplace Equation 6. The electric field strength vector is the negative value 
of the gradient of the scalar potential function; that is, the relationship of Equation 9 is 
satisfied. Based on these basic equations, the electric field distribution in the inverted rod-
plane gap is calculated. 
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Figure 9. The simulation flowchart of the streamer-leader propagation model
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−∇2𝑉𝑉(𝑥𝑥,𝑦𝑦, 𝑧𝑧) = 0                                                                                                                           
𝑉𝑉(𝑥𝑥,𝑦𝑦, 𝑧𝑧) = 𝑉𝑉0                                                                                                                                [7] 

𝑉𝑉(𝑥𝑥,𝑦𝑦, 𝑧𝑧) = 0                                                                                                                                  [8] 

𝐸𝐸�⃑ (𝑥𝑥,𝑦𝑦, 𝑧𝑧) = −𝛻𝛻𝛻𝛻(𝑥𝑥,𝑦𝑦, 𝑧𝑧)                                                                                                               [9] 					     [9]

The input voltage is a 250/2500 μs switching impulse voltage formed by a double 
exponential function with an amplitude of 1500 kV (Figure 10). With the gradual increase 
of the applied voltage, the electric field strength on the surface of the rod electrode increases 
gradually. When the electric field intensity reaches the critical electric discharge intensity 
of 2600 kV/m, the initial streamer is generated, and this moment is taken as the first step 
of the simulation process.

The simulation result shows that when the applied voltage of the plane electrode is 
increased to -1036 kV, the electric field strength on the surface of the rod electrode reaches 
the critical field strength of 2600 kV/m (Figure 11). The critical inception voltage of the 
streamer obtained by the simulation is close to the experimental value of -1052 kV, which 
proves that the calculation result of COMSOL Multiphysics is reliable.

Figure 10. Switching impulse voltage waveform input 
by the simulation model

Figure 11. Electric field distribution in the 2D 
axisymmetric rod-plane gap under critical streamer 
inception voltage

Rod

Plane

The Initial Streamer Length and Streamer Space Charge

The selection of the coefficient KQ is the key to calculating the streamer space charge. KQ 
is related to the electrode structure (Becerra & Cooray, 2006a) and the streamer size (He 
et al., 2012). Becerra and Cooray’s (2006a) model showed that the average value of KQ 
is 0.035 μC/kV·m for the rod-plane electrode structure with a symmetric structure. The 
study by (He et al., 2012) shows that the KQ value is in the range of (0.03-0.06) μC/kV·m. 
In this model, the back-calculation method is used, the space charge Q of the streamer is 
assumed in advance, and then the voltage distortion area A caused by the streamer space 
charge is calculated so that the distortion coefficient KQ can be calculated from Equation 
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2. The calculation results show that KQ 
is related to the gap and streamer lengths 
(Figure 12). With the increase of the gap 
distance, KQ gradually decreases and tends 
to be saturated.

KQ increases with the length of the 
streamer (Figure 12). Therefore, when 
using VDM to calculate the streamer 
space charge, different KQ values should 
be selected according to the length of the 
streamer instead of taking a fixed average 
value as suggested by Becerra and Cooray 
(2006a) and He et al. (2012). The applied 

Figure 12. The relationship between KQ and the gap 
distance and the length of the streamer under the 
negative plane-rod electrode structure

voltage and the gap length greatly affect the streamer length (Figure 13), where V1
i is the 

background potential generated by the electrode voltage, and V2
 i is the streamer potential. 

The streamer length increases with the applied voltage for a certain gap length, as shown 
in Figure 13(a). The streamer length increases as the gap is shortened for a certain applied 
voltage, as shown in Figure 13(b). For this simulation model, the applied voltage to the 
plane electrode continues to increase until breakdown occurs. The gap length gradually 
decreases as the leader develops forward. Both trends will make the streamer longer. 
When the applied voltage exceeds -1350 kV, the streamer length can reach more than 2 
m. Therefore, the value of KQ should be between (0.04-0.08) μC/kV·m.

When the applied voltage reaches the critical corona onset voltage of 1036kV, the 
calculated initial streamer length is 1.04 m (Figure 13). KQ should be taken as 0.05 μC/kV·m, 
from which the initial streamer space charge can be calculated to be 4.63 μC (Figure 12).

Figure 13. The effect of the: (a) applied voltage; and (b) gap length on the streamer length
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Subsequent Streamer Length and Streamer Space Charge

The average speed of positive streamer propagation is assumed to be 1×105 m/s, from 
which the duration of the initial streamer can be calculated to be 10.4 μs. When the initial 
streamer propagation is completed, the applied voltage rises to -1117 kV. From Equation 
3, the primary leader length can be calculated as 0.19 m. In the same way, as mentioned 
above, the secondary streamer length and streamer space charge can be calculated to be 
1.41 m and 5.82 μC, respectively.

The subsequent streamer length and steamer space charge can be obtained by repeating 
the same calculation process (Figure 14). The final jump occurs after the streamer-leader 
system has developed 4 steps. In the final step, the background potential V1

4 and the streamer 
potential V2

4 do not intersect, which means that the head of the streamer has reached the 
plane electrode. It is generally believed that the final jump occurs when the head of the 
streamer reaches the opposite electrode (Cooray, 2014; Rizk, 1989). Thus, the final jump 
length can be obtained by subtracting the leader length from the gap length. The simulation 
results show that the final jump length is 2.04 m (Figure 14). 

The macro parameters of each step of the leader discharge obtained by simulation are 
shown in Table 4. Before the final jump, the leader’s velocity increases slightly with the 
leader’s length. The average speed is about 2×104 m/s, close to the experiment result of 
2.2×104 m/s (He et al., 2012). Once the final jump occurs, the leader velocity increases 
rapidly (Figure 15), where the abscissa lL is the leader length, and the ordinate vL is the 
leader speed. The variation trend of the leader speed is consistent with the experimental 
observation (He et al., 2012). The leader velocity of the final jump stage obtained by 
simulation is about 9.9×104 m/s, which is lower than the experiment results of 13.9×104 
m/s but is highly close to the experiment result of 10×104 m/s observed by Les Renardières 
Group (1972, 1974).

Figure 14. Gap potential distribution during the 
leader progression
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Table 4
Simulation results of streamer-leader propagation system under the assumption of ES=500 kV/m, τ=25 μC/m

Step Vapp

(kV)
KQ

(μC/kV·m)
lS

(m)
Q 

(μC)
t

(μs)
lL

(m)
vL

(×104 m/s)
lR

(m) Final jump

1 -1036 0.05 1.04 4.63 68.7 0.00 0.00 3.00 N
2 -1117 0.054 1.41 5.82 79.1 0.19 1.79 2.81 N
3 -1207 0.072 2.01 13.43 93.2 0.42 1.65 2.58 N
4 -1304 0.072 2.04 37.16 113.3 0.96 2.67 2.04 Y
5 -1374 2.04 9.98 0 Breakdown

Vapp is the applied voltage on the plane electrode. KQ is the voltage distortion coefficient. lS is the streamer 
length. Q is the streamer space charge. t is the moment when the new streamer is generated. lL is the leader 
length. vL is the velocity of the leader propagation. lR is the residual length of the gap.

Table 5
The comparison between the simulation results and the experimental results under the assumption of ES=500 
kV/m, τ=25 μC/m

Parameters Simulation results Experimental results (He et al., 2012) Unit Error (%)
Vini -1036 -1052.00 kV -1.5 
lSM 2.04 2.30 m -11.3 
lF 2.04 2.30 m -11.3 
vL 2.04 2.20 ×104 m/s -7.3 
Td 44.6 29.7 μs 50.2 

V50% -1374 -1365.00 kV 0.7 

Vini is the critical inception voltage of the streamer. lSM is the maximum streamer length. vL is the average 
velocity of the leader propagation. Td is the duration of the streamer discharge process. lF is the length of the 
final jump. V50% is the 50% breakdown voltage.

The streamer length and streamer space charge increase in steps. Especially the streamer 
space charge increases sharply in the final stage.

The comparison between the simulation and the experimental results shows that 
the inception voltage of the initial streamer and the 50% breakdown voltage are in good 
agreement with the experiment results (Table 5). The maximum streamer length, the final 
jump length, and the leader velocity are slightly lower than the experimental results. 

However, the duration of the streamer discharge process obtained by the simulation 
is quite different from the experimental results. The reasons may come from initial 
assumptions’ influence, such as the charge density of leader channel τ, streamer voltage 
gradient ES, and streamer velocity vS. The effect of these parameters on the streamer 
discharge duration is shown in Figures 16 to 18, where the ordinate xs is the height of the 
streamer head, and the abscissa Td is the duration of streamer discharge. Reducing the 
charge density of the leader channel, reducing the streamer voltage gradient, or increasing 
the streamer velocity can reduce the discharge duration. 
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Figure 16. The effect of charge density τ on discharge 
duration under the assumption that ES=450 kV/m, 
vS=1×105 m/s

Figure 17. The effect of the voltage gradient of the 
streamer on discharge duration under the assumption 
that τ=25 μC/m, vS=1×105 m/s

Figure 18. The effect of streamer velocity on discharge 
duration under the assumption that ES=450 kV/m, 
τ=25 μC/m
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Based on the above analysis, two other 
simulations were carried out assuming 
that ES=450 kV/m, τ=25 μC/m. The 
simulation results are shown in Table 6. 
The comparison between the simulations 
and experiment is shown in Table 7. Among 
the three simulations, the assumption of 
ES=450 kV/m, τ=25 μC/m, and vS=1×105 
m/s yields the simulation results closest to 
the experimental values.

Table 6
Simulation results of streamer-leader propagation system under the assumption that ES=450 kV/m, τ=25 μC/m

Step Vapp

(kV)
KQ

(μC/kV·m)
lS

(m)
Q 

(μC)
t

(μs)
lL

(m)
vL

(×104 m/s)
lR

(m) Final jump

vS=1×105 m/s
1 -1036 0.055 1.31 6.96 68.7 0.00 0.00 3.00 N
2 -1136 0.08 2.33 15.90 81.8 0.28 2.13 2.72 N
3 -1268 0.10 2.72 56.70 105.0 0.91 2.73 2.09 Y
4 -1369 3.00 7.68 Breakdown

vS=1.5×105 m/s
1 -1036 0.055 1.31 6.96 68.7 0.00 0.00 3.00 N
2 -1105 0.08 2.20 14.59 77.4 0.28 1.90 2.72 N
3 -1201 0.10 2.72 55.32 92.1 0.86 3.22 2.14 Y
4 -1291 3.00 12.35 0.00 Breakdown
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DISCUSSION

The leader discharge develops in a stepwise fashion. The electric field after the streamer 
discharge is a quasi-static electric field at each stage. Therefore, FEM is a suitable and 
effective method to investigate the electric field distribution in the air gap at each stage 
of the leader development. The electric field in the streamer zone is constant so that the 
discharge parameters for each stage of leader propagation can be easily calculated using 
FEM-VDM. The above simulation process shows that FEM-VDM can simulate the dynamic 
process of positive leader discharge without complex physical calculations. However, the 
validity of the simulation model depends on a reasonable assumption of initial parameters, 
such as charge density τ of the leader channel, streamer voltage gradient ES, and streamer 
velocity vS. This model successfully predicted the leader onset and breakdown voltage with 
small errors (Table 6). The leader velocity, the largest streamer length, and the discharge 
duration are close to the experiment results. It shows that the value of 450 kV/m for the 
voltage gradient of the streamer is suitable, which is consistent with the recent studies by 
Tao et al. (2022), Zixin et al. (2020), and Ping et al. (2022). 

However, it should be pointed out that this model cannot accurately predict the macro 
parameters of leader discharge under any gap length or any electrode structure, such as 
breakdown voltage, leader velocity, and leader length, because the development speed of 
the streamer and the charge density of the leader channel are not the same for different 
electrode structures and different gaps (Gu et al., 2010, 2012; He et al., 2012). Different 
initial parameters should be matched according to different model structures when doing 

Table 7
The comparison between the simulation results and the experimental results under the assumption that ES=450 
kV/m, τ=25 μC/m

Parameters Simulation results Experimental results (He et al., 2012) Unit Error (%)
vS=1×105 m/s

Vini -1036 -1052.00 kV -1.5 
lSM 2.72 2.30 m 18.3 
lF 2.09 2.30 m -9.1 
vL 2.43 2.20 ×104 m/s 10.5 
Td 36.3 29.7 μs 22.2 

V50% -1369 -1365.00 kV 0.3 
vS=1.5×105 m/s

Vini -1036 -1052.00 kV -1.5 
lSM 2.72 2.30 m 18.3 
lF 2.14 2.30 m -7.0 
vL 2.56 2.20 ×104 m/s 16.4 
Td 23.4 29.7 μs 21.2 

V50% -1291 -1365.00 kV -5.4 
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simulation research. It is also a research direction in the leader discharge simulation 
research. The main contribution of this study is that it demonstrated that FEM-VDM could 
simulate the dynamic process of the leader discharge, which provides a new method for 
research in this field. Compared with the traditional CSM model, such as those proposed 
by Bondiou & Gallimberti (1994), Goelian et al. (1997), and Becerra and Cooray (2006a), 
FEM does not require the configuration of complex charge simulation systems and the 
writing of complex computer programs, thereby making the calculation process simple 
and efficient.

CONCLUSION

A simplified self-consistent numerical model used to simulate the dynamic process of positive 
leader discharge in an inverted rod-plane gap was modeled based on FEM and VDM. The 
voltage distortion coefficient KQ used to calculate the streamer length and space charge was 
analyzed. The physical dynamic process of the positive leader discharge was simulated with 
the help of COMSOL Multiphysics and MATLAB co-simulation technology. The simulation 
results are in good agreement with the experimental results. This model is based on FEM, 
which can deal with arbitrary electrode configurations and complex boundary conditions. 
In addition, the calculation process of the model is simple without complex multiphysics 
computing. The above advantages make the model capable of conducting leader discharge 
simulation under any complex electrode configuration and arbitrary boundary conditions 
without simplifying the model structure, which makes the model more flexible in engineering 
applications than traditional CSM models, such as those proposed by Bondiou and Gallimberti 
(1994), Goelian et al. (1997) and Becerra and Cooray (2006a).
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